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Mogens SU (2) momnonons fura-Kynoua
Ilerpocar Mapa
Apsymaras Cunba
Ipuropas CycanHa

Krovesste  crmopa:  cymepuHTeIpHpyeMsle — CHCTEMBI,  ypaBHEHHE
Illpegurrepa, mpeobpasopanmg Iyppuia, H30TPOI OCHH/IATOP, OIEPATOP
Jlamnaca, remsop mois

1. Kynon-ocumuIaTopHad aHAIOTHA

Paccmorpum paguwansaoe ypasaenue Illpepunrepa zas D -mepnoro

(D = 2) uzorponroro ocummistopa

d’R D-1dR L(L+D-2)_ 2u o @° U2
e e et e

roge R - pagmansmas wacts BonHOBoM ¢ynkuumu D -meproro wusorpomzoro

OCHUJLJIATOPA, a L = 0,1, 2, ... — COOCTBEHHbIE 3HAYEHUS oleparopa ra06ab-
HOT'O MOMEHTaA.

2
ITocne moacranoBku I = U” ypaBHeHUE (1) TepexoJuT B ypaBHEHHE

2 - - 2

d |§+d 1d—R—I(I+(: 2)R+ ’L:O e+Z|R=0, (2)

dr r dr r h r

r,uedzE—i-l, |=£,a
2 2
2
po-t® 4 E (3)
8 4

Jto BechMa HeoXWJaHHBIA pesynbrar. Ecmm D =2,4,6,8,..., To
d=2,34,5,..., To ypaBuenue (2) no ¢GopMe COBNAnaeT C pafuasbHBIM

ypasHerueMm O -mepHoii sagmaun Kemnepa-Kymoma. ITpu nedwernsix D > 2
BennunHa O 1po6eraer mosyuesnsle 3HAYEHUS U NODTOMY HE MOXKET HMETh
CMBICJI Pa3MepPHOCTH IPOCTPAHCTBA B OOuIeNpuHATOM moHuMaHuu. [aree, |
IPUHKMMAeT He TOJIBKO LjeJlble, HO U IIOJyllesible 3HaYeHUs, a 9T0 3HAYUT, 4To |
HMeeT CMBICJI IIOTHOTO MOMEHTAa M BO3HHKAeT BOIPOC O TOM, OTKyza Gepercs
depvMuonHas cremens cBo6ozpl. Ha 3TOT BOmpOC MBI JAZMM OTBET UyTh
mosgHee. HakoHell, Kak 0TMe4asioch BBIIIe, ypaBHEHHUSA (1) u (2) IyaJbHEI JpyT



K JpyTy, a Ipeobpa3oBaHueM JyaTbHOCTU SBIAETCA IpeobpasoBanue I = U 2
Brrmre peys mora JIMIIG O paZuaIbHOM YaCTH BOJHOBOM (QYHKIMH M30TPOII-
Horo ocumuinaropa. IIpu mepexome x camomy ypasHeHuio lllpemunrepa MbI
JOJDKHBI pacCMOTPeTh HapsAJy C pPajualbHBIM ypaBHEHHEM TaKKe ypaBHEHHe,
CBA3aHHOE C YTIJIOBBIMH IIepeMeHHBIMH. B aTOM cMEbIce, Impeo6GpasoBaHHe
IyaJIbHOCTH JOJDKHO BKJIIOUHTH B ce0s TakkKe IIpeoOpa3soBaHMe YIJIOBBHIX Ilepe-

2
menusix. Ecnu sameny I =U° TpaxkToBaTh KaK MEXaHM3M TeHEPAIUH 3JIEKTPHU-
YeCKOro 3apsiza, To (Kak MbI yOeguMcs B JajubHeMuIeM) C Ipeobpa3oBaHHEM

YTJIOBBIX IIEPEMEHHBIX CBA3AH ME€XaHU3M I'€HEepalliil MaIrHUTHBIX 3apsAJ0B.

2
YcnoBrue I' = U° B IeKapTOBBIX KOOpAMHATAX MMeeT BUT,

\/x§+xf+x§+-~-+x§_l:u§+uf+u§+~-~ué_l, (4)

KOTOPBIi1 Ha3bIBAIOT TOXAecTBOM Ditepa. CorsacHo teopeme ['ypsuna [8,
1868-1872 ], ecrm X, (i =0,1,...,d —1) eCcTh OMInHeiHAsS KOMOMHALIA

u, (,u =0,1...,D —1), TO TOX/IeCTBO Dilnepa (4) CIIpaBeJINBaA TOIBKO IJIS

CJIeAYIOIUX TIAp YUCETT:
(D,d)=(,2), (2,2), (4,3), (8,5).
ITpeoGpasoBauue (D, d)= (1,1) CBA3BIBAET 3a7aYy JIMHEHHOTO OCI[UII-

JIATOpA C 337aveil OZHOMEPHOro KyJIOHOBCKOro aHmoHa [19, 597-622; 20, 320-
328; 12, 422-439].
ITpeoGpasoBanue (D, d ) = (2, 2) eCTb U3BECTHOE U3 HeOeCHUIT MeXaHUKH

npeob6paszoBanve Jlesu-Uusura [14, 411-417]. Dto mpeobGpasoBaHue eCTh
peoOpa3oBaHKe AyaJTbHOCTH, KOTOPOe 33/ilady KpPYTOBOIO OCLWUILILITOPa
IIepeBOAUT B 33mady AByMepHoro axHwona [17, 1605-1610; 15, 5-7; 18, 1868-
1872].

Hanee, npeoGpasoBaHue, COOTBETCTBYIOLIEE IApe YUCes (D, d)=(4, 3) B

HeOeCcHOM MeXaHWMKe Ha3bIBalOT IpeoGpasoBanueM Kycraanxeiimo-IllTudens
(KS-mmpeo6pasosanmue)[13, 204-219].

KS-npeo6pasoBanue IepeBOAUT 3a/ady UeTHIPEXMEPHOTO M3OTPOIHOTO
ocimnatopa B cuctemy MUK-Kemrep [10, 4083-4104; 3, 962-966].
Cymepunrerpupyemas cucrema MUK-Kemnepa ssigercs o6o6ueHneM 3a5auu
Kennepa-Kysnona B mpucyrctBue MoHomonsa /lupaka u 6bLia paccMOTpeHa ¢
PasHBIX To4YeK 3peHus B paborax [11, 1088-1092; 9, 1073-1091; 4, 121-128].

Haxonen, mnpeoGpasoBanue I'ypBuila, KOTOpOe COOTBETCTBYeT CIydaio



(D, d)= (8,5), [IePEeBOMT 3a/a9y O BOCHMHUMEPHOM H30TPOIIHOM OCLIHJI-
JIATOpe B NATHMepHyI0 3amauy Kemrepa-Kymona [6, 6121-6125; 2, 78-86].
ITpeo6pasoBanue I'ypsuia, cormacuo pabote [6, 6121-6125], MmoxxHO HmpezcTa-
BUTbH B CJIEYIOLIEM BUTEe

X =H(u;8)U, (5)
TIe
Xo Ug Up U U, Uz—U, —Us—Ug—Uy
X U, U, Us —Ug —U; Uy U —U, —Ug
X, u, Ug —u, U; —Ug —U; Uy —Ug U,
X u Ug U U, U5 U, Uz Ug U
X = 3 ,U= 3 ,H(U,S)— 6 7 4 ¥5 2 3 0 1 (6)
X — [— f— -
4 U, U; —Ug —Us Uy U —U; —U; Uy
0 Us U, —Uy Uy —U, Ug —U, U; —Ug
0 Ug U, —Us —U; U —Ug U; U, —Ug
0 u, Ug U, —U; —Uy —U; —Ug Us U,

Matpuua H (u ; 8) OTJIIMYAaeTCs OT M3BECTHOM B MaTeMaTHKe MaTpPHILbI
Kenu [5, 131-137] nump mepecTaHOBKON CTPOK. Jlerko mpoBepuTs, UTO IJIs
marpuns H (U ; 8) HMeeT MeCTO yCIOBUe

H,, Hlvzuz Opv (7)
rapaHTUpYIOLIee COGM0IeHre TOX/AeCTBa Dilepa.

U3 ypaBHeHus (5), C y4eToM COOTHOIIeHWH (6), npeoGpasoBaHue
T'ypBHIIa MOXHO 3aIIMCaTh B BUIE

Xo =Ug +Uuf +ul +uf —uf —uf-uf-u?,

X = 2(Ug U, +U; Us —U, Ug —Usg U, ),

X, =2 (Ug Us —Uy U +U, Uy — U Ug), (8)
Xa =2 (Ug Ug +U; Uy +U, Uy +Us Us),

X, =2 (Ug Uy —U; Ug —U, Ug +Ujy Uy).

TloguepkHeM, 4T0 KaxzoMmy saementy B |R® coorBerctByer mHe opmH
S7IEMEHT, a Leoe MHOKecTBo snementoB B |R®, HassiBaemoe coem. B atom n
COCTOHT CBOICTBO HeGHeKTHBHOCTH Tpeobpasosanms IR (U) — IR® (X)

Taxum o6pazom HeOGMeKTHBHOe npeo6Gpa3oBaHuye I'ypsuma
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|R8(U)—> |R5(i) yCTaHABIMBAaeT CBA3b MEXJIy 3afladoli BOCBMUMEPHOTO

M3UTPOIHOTO OCUMUJLIATOPA U IATHMepHO# cuctemsl Kemnepa-Kynona. Bosnu-
KaeT O4eHb IIPOCTOM BOIIPOC, a B KAaKyIO0 CUCTeMy GyZeT ImepeBOAUTh OHeKTUB-

8(~ 5(g
Hoe, T.e. B3amMmoojHosHawyHoe, IR (U)(—) IR (X), npeobpasosanue ['ypsuia,
KOTOpOE MOYKHO CKOHCTPYHPOBAaTh ZOTIONHeHHeM cooTHomenwii (8) momormu-

TeIBHBIMU TPeMs KOOPAMHATaMM. DTy IpobieMy MBI OyZeM HCCIeZoBaTh B
clemyromeM maparpade.

2. SU (2) mownomoxs ura-Kymona

Kax u obemanu B KOHIle IpeAsIAyliero maparpada, 34ech Mbl BRLICHUM B
KaKyIO CHCTeMy IIepeBOJUT 33Zjayy BOCbMHMEPHOIO M30TPOIIHOIO OCLIJLIATOpA
OGUeKTHUBHOe, OUIHHeIIHOe IPeo6PasoB3HUe, KOTOPOe Moay4Yaercs fobaBIeHueM

K TpeoGpasoBaHuio I'ypeuia (8) Tpex YIJIOB, He 3aBUCAINME OT KOOPAUHAT X

MPOCTPaHCTBa |R5()7).
Cregnys pabore [7, 3021-3030] a1 yriiel BEIGHpPEM CIeLyOMmUM 06pasom:

P :lln (u4—iu5)(u6+iu7)e[0'2ﬂ),

2 (uy +iug)(ug —iuy)

2 2

u, +u; |2
 =2arctan| —— | [0, z], )
g TU7

i, (uy+iug)(ug+iu
VT:—In(4 ! 5)(6 : 7)6[0,47Z).
2 (uy —iug) (U _iuy)
Jo6asnenue yrios (9) k mpeoGpasoBaHusIM (8) (akTHUecKu O3HAYAET, YTO
MBI IIOJMydYaeM IpeoOpa3oBaHMe, KOTOPOE IIPOCTPAHCTBO IR® (U) [IepeBOJUT B
IIPAMOe IIPOH3BeeHIe IR°®S? IIPOCTPAHCTBA |R5()7) u S ((ZT N )

Js TOMHOTHI JanbHeHIIero M3JIOXKEeHUA 37eCh IpUBEJEM HEKOTODHIE
mosie3HbIe (POPMYIIEL.
Bravane mnammmem kax xoopaumatel U, (4=01,...,7) BEIpaxaroTcs

aepes xoopzmmatst X; (j=01,....4)u a7, Br, rr.
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u0+iu1=W_

— %0
i
| _'XZ)Smﬂ_T o +(X3—ix4)Cosﬁ7TeZ(aT+7T) :
; 1
U, +1ug = 2(r X)
%0
ﬂT ar+yr) ﬂT L

—(x +ix, )cos

i
. r—X, _. Slar-11)
u4+|u5=1/—° smﬂ—Te2 :

ﬂT ar+y7)

+ (x5 +ix, )sin=L ; ,

Ug +iU, =

COS—-
Temneps MoaE3yACh OIIpeeeHUEeM METPUIECKOTO TeH30pa
ou, ou,
oX, OX,

rme 4, v=0,2,...,7, a X; =ay, Xg = fr , X; = ¥y, A1 KOBAPHAHTHBIX

9uv =0vy =

1 KOHTPABAPHUAHTHBIX KOMIIOHEHT MeTpI/I‘IECKOI‘O T€Pp30pa IMOJTYyIHUM BRIPDAKEHUA

1 21 (r—xo )= % X,
o, = 2y Jow Qi = Zg|k5ky+zgla§ka’ Qi = 4r(r—x0)zl
4 r
gsﬂ=q(x251ﬂ—x152#—x453ﬂ+x354#)+z(55 +57#cosﬂT),
U6 =;[—(x3cosaT—x45inozT)5l —(xgsinay +x, c08a7 )5, , +
“a(r—x,) # #

+(x, cosay + X, sinay )8y, — (¥ sinay —x, cosay )8, , |,
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cos _
Tu Pr ){[x2 —(x3 sinay +x, cosay )tgBr 6, —

4(r—x,

~[% = (xs cosary —x, sine g, 16, —
—[x, = (% siney —x, cosar Jtg By 165, +
+[x; +(x cosar +x, sinay )tg B; 15, .

gi,u =4r5i,u +igia 561;1'

a=5

g% = r 4x {[— X, +(X; Sinary +x, cosay )ctg By J61 +
A

+ [Xl +(X3 cosay — X, Sinay )ctg Br ]52/1 n
+[%, +(x,siney —x, cosey Jetg B |63 —
—[x3 — (%, cOS ey + X, siney )ctg B |64 }

4 . .
gt = — [(x3 cosa; — X, sinay )8 +(xgsinay +x, cosay )52 —
0

—(x, cosay + X, sinay )53 +(xlsinaT — X, COSatr )54“],
4 .
g’ =—[(x3 sina; +X, Cosay )8 —

(r—x, )sin j;
— (x5 COS ety — X, sinery )52# —(x, siney —X, cosay )% —
—(xl cosay +X, sinay; )54”].

JleTepMUHAHT MeTPUYECKOTO TeH30pa (J MMeeT BHJ,

uv

sin® sin3;
9060, = omer V9 Jmer

Ter[epL IIOJIB3YACh IIPUBEAEHHBIMHU BBIINIE Q)OPMYJIaMI/I H ompeneneHneM

omepaTopa Jlammaca

LV
roe U, v =0,1,..., 7, g‘ — KOHTpaBapHaHTHBIe KOMIIOHEHTHI MeTpH-

YeCKOro TeH30pa, § — JeTePMUHAHT METPUYCKOrO TeH30pa (,, , BOCHMIMEp-
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HbIi omeparop Jlammaca B KOOpAMHATAX X; (J =0,1,..., 4) u o, Pt
3aIIUIIETCS B CIEAYIONIEM BU/E
. 0 2 ~ )
Ag=a4r|Ag—2i AT, Z 2 T2 (10)
[ oo r(r—x)
3mecs r=(X X )}/2 =u?, a omeparopss fa (a =1,2, 3) €CTb TeHepaTophI
rpynmsr SU (2) u umeror Bugz, (cM. Hampumep [1])

I 0 . 0 cosa; O
T, =i| cosa; cot B, ——+sina; -—T :
day Opr sinfr Oyr
P sin
T, =i|sina; cotf; —CoSay 0 _ il g : (11)
day 0pr sinfir Jyp
-I: =—| y -I’-\r =—| .
: 0ar ’ oy
TPI/IH]IeT HHPI/IMePHBIX BeKTOPOB Aa(+) HMeeT BUL,
- 1
A - 2 (0, =Xy, Xa, = X0, Xy ),
r(r—xo)( 40 %3 21 %)
- 1
A2 o 2 (0, —Xa, =X, X, X)),
r(r—xo)( 3 40 M 2) (12)
- 1
A3 = 2 (0, %,, =X, — Xy, Xa).
r (r _XO)( 2 1 4 3)
.HeI‘KO 3dMEeTUTh, YTO BeKTOPLI Aa(+) OPTOI‘OHE[J'H)HI)I KaK ,ILPyI‘ K ,Z[PYI‘Y
b r+X,
A A = s (13)
r2(r-x,)

Tak 1 K paguyc-Bektopy T = (X, X, X5, X3, X4).
Teneps mons3ysce dopmysnoit (10) u ycroBuem oproronansHoctu (13)
ypaBHeHue llIpegunrepa 11 BOCBMHMEPHOTO M30TPOIIHOTO OCLMJLIATOPA

2 2,2
L2 o)) ”
Ho 2

MOJKEM 3aIllMCaTh B CJIEAYIOIEM BHE:
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2
1 .0 . o e?
S -k 7 T2y -y=gy, (15
2 1y J X 20y 1 r

2
rie £ =—u, »° /8, a €” =E/4.

Takum 06pa3soM MBI IIOJNYYHIM YpaBHEHHE, TOXAECTBEHHOE ypaBHEHUIO
Haynn, n 110 BTOMy TPI/IHHCTY H}ITI/IMePHBIX BeKTOPOB Aa(Jr) MBI MOXeM
HPI/I,ZLHT]) CMBICJI BeKTOp-HOTeHHI/IaJ'IOB C OChIO CI/IHI'yJIHpHOCTBIO, HaHpanIeHHOﬁ
BZIOJIb TIOJIOKUTENBHOM JacTu ocu X .

[na panpHelimero ymoGHO 3alMCaTh BEKTOP-TIOTEHIIUAJIBI A2 g
clenyIomeM BUuze:

21
al+ a
A = o X (16)
r(r—x,)

3pecs 7° a0 5x5 MaTpHUIBI U UMEIOT BUJ,

0 00 0O 0 0 00O 0 0 00O
{0 0 0 01 {0 0 010 |0 0-1 0 O
rl='§o 0 0—10,72='§o 00 01,r3='§o 1000
0 01 00 0-1 0 0 O 0 0 0 01
0-1 0 0 O 0 0-1 0 O 0 0 0-1 0
s 78 MAaTpUL, UMEIOT MECTO CIeAYIOLYe COOTHOLIEHUA:
[Ta,rb]zigabc ¢, {Ta,Tb}=%5ab,
477 TTk §ab(§k 5|05k0)+2'5abc ’ (17)
|
gabcrleT _E[(5|05k0 §|k)r?m_(5i05m0_5im)r?k+ (18)
+(51'05m0_51m) (5105k0 J; )Ta]
3mecs CKOOKH [,] u {,} O3HAYAIOT KOMMYTaTOp M aHTUKOMMYTATOD,
COOTBETCTBEHHO.

Teneps HaM HajO BBIACHUTH KaKylO CHCTeMYy OIMChIBaeT ypaBHeHme (15).
J1a 3TOro MBI [JOJDKHBI 3HAaTh TOIIOJIOTMYECKWI 3apaf, CO3ZAIONIUM IIOJe,
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ONUCHIBAEMOE TPUIUIETOM BeKTOp-moTeHIuanoB (12). YTo6bl BBIYUCIUTH
3HaUYeHUe TOIIOJIOTMIECKOTO 3apAfa HeoOXOAMMO 3HAaTh fABHBIH BHJ TeH30pa
non. Ilonesysace onpeznenenueM TeHsopa nosd fdura-Muca

) _ O amt oy, A At

X ox
u cootHouexmsIm (16), (18) monyaum
al+ 1 al+ al+ 7 -a
3 )=r_2[(xk #1800 ) A = (x +r8,) AR —2i 2 | (19)

T X Aa(+) _ 0 o
€IIePpb YYUTHIBAA YyC/JIOBHE OPTOTOHAJIBHOCTH X; 3 = 1 ABHBIN BH[,

a(+)

tensopa mons (19) smerxo mokasats, uto X; Fj '’ =0, T.e. Kak u BekTOp-

IIOTEHIINAJI, TaK U TE€H30p II0JII OPTOTOHATIEH PagUyC-BeKTOPY YaCTHUIIBL.
OtMeTuM TakKe, 4To u3 cooTHomenuit (13), (16), (17) u (19) crexyer, uTo

o1 1 .
Fia}(+) Fjbk( ) =r—6(xi Xy —r? 5ik)5ab +r_2 Eabe ii( ) )

nin

+)_ 4

KR == 0 20)

(+)

A a
U3 norennuanos A C MOMOIIBIO KAJIMOPOBOYHOTO IIPe0Opa3oBaHUA

-1
Bl =5, As?yis, 05,
0 X

j

a

rae A= AR T Bl =gt T

] a’ J ] a’
S :eiaT3 eiﬁTz ein3, (21)

+
MoXHO CKOHCTPYHPOBAaTh IIOTEIIHAIbI Ba(+), CHUHTYJIAPHOCTE KOTOPBIX
J

HaIlpaBJI€Ha BAOJIb OTPHLLaTeJILHOfI 4YaCTHU OCHU XO " OHHM MMEIOT BHU[

1

B = S 00 e, ),

L 1

BZ()=W(O,—X3,X4,X1,—X2), (22)
L 1
B3l ):r(r—H(o)(o’XZ’_Xl’_X‘“_XB).

Ditneposst yruet &, [ u y B (21) onpeseneHs cresyomuM 06pasom:
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i In( le)( ix3)e[0,27r),

“72 (x2+|xl)(x4+|x3)
X2 + X5
S =2arctan 12—)(% e[O,;r], (23)

_ n(X2+IXl)(X4_iX3)e .
=7 (%, —ix,) (%, +ixz) [0.47).

a
Tensop mond A9 BeKTOPHOTO IIOTEHIIMAJA Bj(+) 0603HaYNM Uepe3

Fal)
1] '

Temeps 3Has ABHBIM BHJ TeH30pa IIOJIA U €ro HEKOTOpble CBOMCTBA,

BBIYMCJIUM TOIOJOTMYECKHH  3apsAf  ABIAOIUMCA HCTOYHUKOM  IIOJIA

OIIMCBIBAEMOE TEH30POM Flj( ) BrruuciieHve BeJIHMYMHBI TOIIOJOTHMYECKOTO

3apAzsa yEOOHO IIPOM3BECTH B IATUMEPHBIX TMIlepcepryuecKUX KOOpAMHATAX,
KOTOpBIE OIIpeJIeIUM CIIeAYIOMUM 00Pa3oM:
X, =T C0SE,
ﬂ i
X, +1 X =rsindsinte 2 |
2 2 (24)
ﬁ aar
X4 +1Xg =rsinecosze 2.
3mecs I € [O, ), 96[0, 7[], a e[O, 27), PBe [0, 7z], Ve [O, 4r).
a+) 2

HPHMBIe BBIYMCJIIEHUA IIOKa3bIBAIOT, 4qTo BCe Fl’ K = 0 s roe

k=r,0,a, [, y, aocrarsHbie KOMIOHEHTH UMEIOT BHTI
Felg;) z_%sinesiny, Fglﬁj) Z%sinesinﬂ cosy, Feﬁ +) =0,

FL+)

o _—%sinzecosﬂcosa, Fﬂl(;)z—%sinzecos;/,

i) = —% sin?@sinBsiny.

ay
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Fezngr) Z%sine cosy, F2) =%sinesinﬂ siny, |:927(+) -0,

Fﬁgj) = —% sin® @ cos A sin A, Fﬁzﬁ = _% sin @ siny,

2(+)_1 202 ;
Foy _Zsm @sinpgcosy.

ay a

0 01
I I ) F;()zzsmecosﬂ,

|:€3y(+) :%sin& , F/‘;’f;) = —% sin@sing.

al+
COOTBeTCTByIOH.H/Ie KOMIIOHEHTBI TEH30Ppa Fi ]( ) HNMEIOT BU,

Izglﬁ;) =%sin¢9 sina, Fii) =0, Ealﬁ” = _% singsin B cosa,

~ 1 . ~ 1.
FI) = _Zsin?@cosa, FiY) =_=sin?@cosp cosa,
Pa 4 Br 4 /;

Fa) :%sinz @sinBsina.

~9215+) =%sin9 cosar, FAY =0, Fezy(*) =%sin93in/3 sina,

Fis =%sin2 osina, F2") :%sinz 6 cos B sina,

"2(+)_1 202 :
Foy _Zsm Osinfgcosa.

4

F3b) = F3) = F3) 2, E;(£+)=%Sin9’ gga(nzésingcosﬂ’

4

Izj(” = —%sin2 fsing.

Temneps nob3ysach ompeeieHueM NyalbHOTO TeH30pa

*fpv__:zgig;tvﬂd f

- Ao
2
1234

roe & = 1 N g -AE€TEPMHUHAHT METPHUIECKOTO TEH30Pa g‘u v » 1 TOYHBIMH

a(+)ij
BBIPOKEHUAMH TUnepchepruvecKknx KOMIOHEHTOB TeHsopa F () ', IOy YHM,

a(+)ij .
aro F caMOAya/IbHBIH TeH30D, T.e.
18



*Fa(+)lj :Fa(+)lj (25)

,H,HJ'Iee, IIOJI3YACH OIIpeneIeHNeM TOIIOJIOTHYIEeCKOro 3apAaia

1 [rra@)ii gal)
327[2§ F Fads,

q:
rae
r4
d8=§sin305inﬂd9dﬂdady

ecTh AuddepeHINaTbHbIN dJIeMeHT ITIOBEPXHOCTH YeThIpeXMEePHOM cdepsl BIO-
JKEHHas B ISITUMEPHOE IIPOCTPAHCTBO, ¥ YIUTHIBASL YPaBHEHUE CAMOAYaIbHOCTH
(25) momyumm, 4WTO B HameM Ciaydae 3HAYeHIE TOIIOJIOTMYIECKOIO 3apsza
g =+1[16,99-108].

Taxkum o6pasom, ypaBHeHue (15) OIUCHIBaeT CUCTEMY COCTOAILYIO U3 3aps-

sxenroit wactnmst 1 SU(2) momomonsa Sxra [6, 6121-6125] ¢ Tomosormgeckum

sapazom = +1, xotopyio mpumaro masssate SU(2) momomomem Smra-
Kysona [20, 320-328].

37ecs Tak)Ke OTMETHM, 4To B pabote [3, 962-966] fur moxasai, 4To pacuru-
perme U (1) momomons Jupaxa sa rpymry SU(2) sosmoxro mwms Tompko B
MATHMEPHOM TIPOCTPAHCTBE, |, UTO TIPH 3TOM, B OTJIMYHe OT MOHoTos Jupaka,

SU(2) momomons nmeer Tomomormaeckmii sapsaz ¢ = +1.
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Swilig-Unyyntth SU(2) untmunh unglyp

Diwnpmywl Uwpu
Upgmuwilyml Uppjm
Aphgnpui Untuwbinn
Unithnthmd

Zuwhgmguyhll punkp. uniybphinnkgpyng hwdwlupgkp, Cpnnpht-
glpp hwjwuwpnid, Zoipijhgh dbunhnpuniinil, pqnunpnw ougpjuinnp,
Luujyuwup oy bpunnnp, nuiowhp nkiqnp

Untunuwnjukph ghukpugdw junghpp ny nbjjunhjhunulut pqub-
wnughtt UEuwtthluygh opowtwljubpnid Jhnkiyut tpljulhnipjut npnudwi
wykh punhwinip ppunph Uh dwut B Untnynjutph b nhntubph qkubpug-
dwib dEjuwpluyhtt Yhunp Znipdhgh ns phtijnhy dbwthnpunipemniaubph ki,
npnup juwyusd b Lhdnpnh hwipwhwoyh htwn b puupupnud B hgh-
Julut mbuwblniuhg uptnp Epbph wuydwihi: Znipdhgh dbiwthnpunt-
pjul Equihmpiniut wjt E, np oujhjwwinph punphg uvnwugynmd k Ykyykp-
Unyntp puugpp: Ujuntwdbiugthy, tdwb wignudp htwpwynp £ dhuygh 2, 4
b 8 swihwih oughjjuwnpuyhtt mwpwsnipnitubph hwdwp: Znipdhgh
Ahwhnfunipiitbpp JEpuhnjumd ko wju swibpp 2, 3 U 5 swihbph’
pungpytnyg wkuwut $hqhjuyh jutnhpubph gwn juy pguituy:

(2,4,8)—(2,3,5) dwthnjumipmniuutph dudwiwl] wquunipjut npny
wunhdwutbp Ynpsnid Bu: Ukup hhdbwpwp nbp Gup tnwhu wquunnipjut
wju wunh§wukphtl' oginugnpstinyd npulip Ynudhgnipughnt wpwsn-
ptuubph Jpu (2,3,5) mpudwswthuyhtt tmwpwsdnipniubp junnighne
hwdwp:

Snuninghwwbu ny wphghwy opjnubkph wnwewgnidp bLplswth,
puwnpwswth b mpswthwith hgqnuipny  oughpuwninpubphg unynpupwp
Unsynid k nhnu-oughjmunnpuyhtt pniwnipnil, b hwwnny nhwypbpnud, Epp
tplswth, Epwgwth b nipswthwih hqnunpny oughjjwwnnpubnhg qhubkpwg-
Jnud B Eplswth, bowswh b huqswithwth Ybubp-Unynuh juughpubpp,
pupnitjws  E wbduil] Ynynt-oughjjuuinpuyhtt pmiunipmit jud
Un1iint- oughjjuunnpujhl whwnghw:

ElEjuipuwlut 1hgph ghutipughwi wywhnynud E Znipdhgh dbwthn-
unipniuutpp, npnugny oughpjuwnnpujhtt Unpkjubphg unwgynud Eu
Ynyniyut dnphjutpp: Uwquhuwlwb 1hgph ghubpughwt juwwpynd L
Allwthnjunipiniiiitnny, npp juwnud £ oughpjuinnpujhtt tnwpwénipniup
npuduwswthujhtt mwpwsdnipyub htin: Uju dwpbdunhiuluit dbwthn-
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junipniuubph wpynitipmd Suymd b wytyhuh vinyninghwytu ny qpn-
jujut opjtlwnubp, huswhuhp &t (hgp-nhnt juyws hudwlupgp b
Bwg-Unynth SU(2) Untnwn)p:

Oughjjwunnpuyjhtt dnpkjitiphg winwyninghwwytu ny wmphyhw; hwdw-
Jupgtph wbgndp Ypnud B gmiwmipjut huwjkguwupquyhtt Juplnp
wwpp, npp punjugus E uputhg, np oughjunnph tukpghwt b juwh
hwuwnwwnniup Jepwsynd Et minwyninghwwbtu nsy wiphyhw) hwdwlunp-
gtiph Juuh hwuwnwwnnith b Eukpghugh: Ujuyhuny, oughjjunnpp unyuw-
s sk, wyp nniwg £ vinyninghwybu ny iphghw) hwdwlwpgtph htwn: Uju
thwuwnp Opnnhugkph oybpwwunph hhdbwpup hwwnlnipmniu £ npp
puguwnpnid E phntubph wpwowgdwt ptnph b dhnkth nniumiput
Uhol uyp:

Thuwupydws L 8wug-Unyntuph SU2) Ununwynih dnghkp, npp punu-
gus b (hgpuynpjwd hqnuuyhtiwghtt dwuthyhg b 8wbgh dnunwnihg, npp
Jwpnigyt] £ mpswhwih hqnupny ouphjunnnphg oquwugnpskiny Zmp-
Jhgh dbhwthnpunipmitinbph punhwipugyws wnwwppbpuljp: ‘Lokup twl, np
ulqpiwljui hwdwlupgnud, wyuhtip npswthwih hgnunpny oghjuwwnnph
Fukpghwih uybupp pignind b dhagh nhuljpln wpdbpubp, wjuhlpt
wlwb guonnid quninn dwubthlp Juumwpnid t dhuyt Jkpowynp owp-
dnul: Uwwutthfh JEppuynp swpdnidny wuwydwbwynpdws, Ltpunpuih
pnptdh hwdwduyt, Jhuydt wju guonbpnid dwutthljh hbnwgstpp thuly
Ynptp B P viwppbpnipnit ujqpiwwt hwdwljupgh' pughwinigp wn-
dwdp, Jhpotmjut hwdwlwpgh tubkpgbnhl vybklunpp jupnn b pugniuby
huswytu nhuljpbn, wjtybu b whpunhwwn wpdbpubn:
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Yang-Coulomb Monopole Model SU (2)

Petrosyan Mara
Arzumanyan Silva
Grigoryan Susanna
Summary
Keywords: superintegrable systems, Schrodinger equation, Hurwitz
transformations, isotrope oscillator, Laplace operator, field tensor.

The problem of generating monopoles is part of the broader problem of
finding Witten duality within the framework of non-relativistic quantum
mechanics. The non-bijective Hurwitz transformations, which are related to
the Clifford algebra and meet the physically significant Euler condition, are the
starting point for the creation of monopoles and dions. The uniqueness of the
Hurwitz transformation is that it translates the oscillator problem into the
Kepler-Coulomb problem. However, such a transition is possible only for
oscillatory spaces with dimensions of 2, 4, and 8. Hurwitz transformations
modify these dimensions into dimensions 2, 3 and 5, covering a very wide range
of problems in theoretical physics.

When displaying (2,4,8) —(2,3,5), some degrees of freedom are lost. We
give these degrees of freedom a fundamental role by using them to construct
gauge spaces on configuration spaces (2,3,5).

The generation of topologically non-trivial objects from a two-
dimensional, four-dimensional and eight-dimensional isotropic oscillator is
usually called a dione-oscillatory duality, and in specific cases, when a two-
dimensional, three- and eight-dimensional isotrop oscillator is generated by
two-dimensional, three-dimensional and five-dimensional Kepler-Coulomb
problems is usually called a coulomb-oscillatory duality or a coulomb-
oscillatory analogy.

The generation of electric charge is provided by the Hurwitz transform, as
it modifies the oscillatory models into Coulomb models. The generation of a
magnetic charge is made by a transformation that connects oscillatory spaces
with calibration spaces. As a result of these mathematical transformations, such
topologically non-trivial objects as the connected charge-dion system and the
SU(2) Yang-Coulomb monopole are generated.

The transition from oscillator models to topologically non-trivial systems
carries with it a conceptually important element of duality, consisting in the
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fact that the energy and coupling constant of the oscillator transform into a
coupling constant and energy of topologically non-trivial systems. Thus, the
oscillator is not identical, but dual to topologically non-trivial systems. This fact
is a fundamental property of the Schrdodinger operator, which explains the
connection of the problem of dione generation with witten duality.

A five-dimensional model of the Young-Coulomb monopole, consisting of
a charged isospin particle and a Young monopole, which was constructed from
an eight-dimensional isotropic oscillator using a generalized version of the
Hurwitz transformation, is considered. Note also that in the original system, i.e.
in an eight-dimensional isotropic oscillator, the energy spectrum takes only
discrete values, i.e. a particle in such a field makes only finite motion. Due to
finite motion of a particle, according to Bertrand’s theorem, only in these fields
are the trajectories of the particle closed curves. Generally speaking, unlike the
original system, the energy spectrum of the finite system can take both discrete
and continuous values.
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